Asymptotic latent solitons, black strings and black branes in f(R)-gravity 
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We investigate nonlinear f(R) theories in the Kaluza-Klein models with toroidal compactification 
of extra dimensions. A point-like matter source has the dust-like equation of state in our three 
dimensions and nonzero equations of state in the extra dimensions. We obtain solutions of linearized 
Einstein equations with this matter source taking into account effects of nonlinearity of the model. 
There are two asymptotic regions where solutions satisfy the gravitational tests at the same level 
of accuracy as General Relativity. According to these asymptotic regions, there are two classes 
of solutions. We call these solutions asymptotic latent solitons. The asymptotic latent solitons 
from the first class generalize the known result of the linear theory. The asymptotic black strings 
and black branes are particular cases of these asymptotic solutions. The second class of asymptotic 
solitons exists only in multidimensional nonlinear models. The main feature for both of these classes 
of solutions is that the matter sources have tension in the extra dimensions. 
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I. INTRODUCTION 

Modern observational phenomena, such as dark energy 
and dark matter, are the great challenge for present cos- 
mology, astrophysics and theoretical physics. Within the 
scope of the standard models, it has still not been of- 
fered a satisfactory explanation to these problems. This 
forces the search of solutions to these problems beyond 
the standard models, for example, by considering mod- 
ified gravitational theories. One of the possible gener- 
alizations consists in consideration of multidimensional 
spacetimes. This generalization follows from the modern 
theories of unification such as superstrings, supergravity, 
and M-theory, which have the most self-consistent formu- 
lation in spacetimes with extra dimensions [l[ . Nonlinear 
(with respect to the scalar curvature R) models f(R) are 
the other possible generalization of gravitational theories. 
Nonlinear models may arise either due to quantum fluctu- 
ations of matter fields including gravity [2| , or as a result 
of compactification of extra spatial dimensions i|| . Start- 
ing from the pioneering paper the nonlinear theories 
of gravity f(R) have attracted the great deal of interest 
because these models can provide a natural mechanism 
of the early inflation. Recently, it was realized that these 
models can also explain the late-time acceleration of the 
Universe. This fact resulted in a new wave of papers 
devoted to this topic (see, e.g., reviews 0|-[3])- It seems 
natural to combine these two approaches, i.e. to consider 
multidimensional nonlinear models. Different aspects of 
these models (e.g., the early inflation and the late-time 
acceleration) were considered in a number of papers (see, 
e.g., ii). 

Obviously, these physical theories should be consis- 
tent with observations. Our previous paper (loj was de- 
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voted to this important problem. We have considered a 
point-like massive source in nonlinear f(R) models with 
toroidal compactification of the extra dimensions. Such 
massive source with dust-like equation of state is a good 
approach to calculate the well known gravitational tests 
(perihelion shift, deflection of light and time delay of 
radar echoes) in General Relativity. So, it seems nat- 
ural to generalize it to the multidimensional case and 
also suppose the dust-like equations of state in all spatial 
dimensions. However, we have shown that such matter 
source contradicts the observations in the case of extra 
dimensions. The similar situation takes place in multidi- 
mensional linear models (Til , where a point-like mass 
with dust-like equations of state in all spatial dimensions 
also contradicts the experimental data. However, latent 
solitons, in particular, black strings and black branes, 
satisfy the gravitational experiments at the same level 
of accuracy as General Relativity. A distinctive feature 
of these solutions is that the matter source has tension 
in the internal space. Therefore, in nonlinear models, it 
also makes sense to suppose that the matter source has 
nonzero equations of state in the extra dimensions. 

Thus, in our present paper we consider the matter 
source with the dust-like equation of state in our three 
dimensions but with nonzero equations of state in the 
extra dimensions. We get solutions of linearized Einstein 
equations with this matter source taking into account ef- 
fects of nonlinearity of the model. We show that there 
are two classes of solutions which satisfy the gravitational 
tests in asymptotic regions at the same level of accuracy 
as General Relativity. We call these solutions asymp- 
totic latent solitons. The asymptotic latent solitons from 
the first class generalize the known results [IJ EH of the 
linear theory. The second class of asymptotic solitons 
exists only in multidimensional nonlinear models. The 
main feature for both of these classes of solutions is that 
the matter sources have tension in the extra dimensions. 

The paper is structured as follows. In Sec. II, we con- 
sider a weak-field limit of f(R) theories. Here, a point- 
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like matter source has nonzero equations of state in the 
extra dimensions. We obtain solutions of linearized Ein- 
stein equations with this matter. In Sec. Ill, we find 
conditions for asymptotic latent solitons. These solutions 
satisfy the gravitational experiments similar to General 
Relativity. The main results are summarized in the con- 
cluding Sec. IV. 



II. APPROXIMATE SOLUTIONS 



where S D = 2tt d / 2 /T(D/2) is the total solid angle (the 
surface area of the (D— 1 )-dimensional sphere of a unit ra- 
dius), Gt> is the gravitational constant in £>-dimensional 
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spacetime and A3 
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3-dimensional Laplace operator. In these equations, the 
energy-momentum tensor is not defined yet. We only 
require that = 0(c 2 ) and the matter source is uni- 
formly smeared over the internal space. Let us suppose 
that the nonzero components of the energy-momentum 
tensor read 



Equations of motion for f(R) gravitational theories in 
the case of an arbitrary number of spacetime dimensions 
V = 1 + D > 4 are given in many papers (see, e.g., [1,11]). 
For our purpose, we shall follow equations in our previous 
paper . Saying " approximate solutions" we mean that 
we are looking for solutions of f(R) gravitational theories 
in the weak field approximation. This means that the 
gravitational field is weak and the velocities of test bodies 
are small compared to the speed of light c. In this case the 
metrics is only slightly perturbed from its flat spacetime 
value: 
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where htk are corrections of the order 1/c 2 . We also 
suppose that f(R) is an analytical function and can be 
expanded in a Taylor series near the flat spacetime back- 
ground value R = : 



f(R) = R + aR 2 + o(R 2 ) , \R\ > \a\R 2 



(2) 



where o (R n ) means that this function contains the terms 
R m with powers m > n. In Eq. ©, a = (1/2)/" (0) and 
we assumed that /(0) = 0. The latter means that the 
cosmological constant A is absent in the model in accor- 
dance with our assumption that the background space- 
time is flat 1 . We also normalize our model in such a 
way that f'{0) — 1 which provides the transition to 
the usual form of the Einstein equations in the limit 
R -> f(R) -> R. 

Following the paper [lfj| . we arrive at the system of 
equations 
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1 The generalization to the case of the de Sitter background with 
metric coefficients and the scalar curvature Ro is straight- 
forward. In all our concluding formulas we should make the 
substitution /"(0) -> /"(-Ro) (see [l]J). 
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where psiv^) is the three-dimensional rest mass density, 
T3 is the three-dimensional radius vector, Vd is the volume 
of the (d = D — 3)-dimensional internal space and fi — 
4, 5, . . . , D are arbitrary constants which define equations 
of state in the extra dimensions. In the case of a point- 
like mass with dust-like equations of state in all spatial 
dimensions all uj^ = and this is the case of our previous 
paper [Toj . 

For the energy-momentum tensor (JSJ) the Eq. ^ takes 
the form 
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where fl = ^TJ W/x- For the Eq. @ we get 
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In the equations above, we did not use spherical sym- 
metry of the matter source. Let us consider now the im- 
portant case of a point-like mass with psir^) = md(rs). 
This enables us to solve the Eqs. (JB])-©- First, we con- 
sider the case a < 0. If a = 0, then we get a linear model 
that is not of interest for us. The case a > will be 
briefly discussed later. So, for a < we find: 
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To investigate the concordance with gravitational experi- 
ments, we need to compare 00 and /3/3 components of the 
metric perturbations. Substituting (TIB")) into (fTU|) and 
(fTTj) . we obtain 
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and 
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III. ASYMPTOTIC LATENT SOLITONS, 
BLACK STRINGS AND BLACK BRANES 

It is well known that to satisfy the gravitational ex- 
periments (the deflection of light, the time delay of radar 
echoes) at the same level of accuracy as General Relativ- 
ity, the metric coefficients hoo and hpp should coincide 
with each other. For our model, we can easily achieve 
it for two distinctive asymptotic regions: r 3 3> \o\ 1 ^ 2 
and r 3 -C H 1 / 2 . Strictly speaking, we do not know the 
value of a. Therefore, we can find ourselves in any of 
these regions. We require only that our model should be 
consistent with the experimental data in the asymptotic 
region under consideration. It is worth recalling that we 
consider the case of a weak nonlinearity \R\ 3> \a\R 2 (see 
([2])). Let us consider these two regions separately. 



(1151) . It means that the effect of nonlinearity is negligible 
in this region and for the metric coefficients we obtain 
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(1-0), p = 1,2,3. (17) 



Now, equating hoo & n d hpp, we arrive at the following 
equation: 
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in full analogy with the condition (31) for latent soli- 
tons in (Tlj . where the parameter 7^ = 2uj^ + 1 and all 
dp = 1. Then, we obtain from (|18l) the latent soliton 



condition: X^=4 7p — 0- Therefore, the condition (fT8|) 
defines asymptotic latent solitons in /(i?)-gravity. In a 
particular case D = 4 — > d = 1, we obtain asymptotic 
black strings with the equation of state oj = —1/2 in 
the extra dimension. For asymptotic black branes with 
D > 4, we have the same equation of state w M = —1/2 
in all extra dimensions. Therefore, all these asymptotic 
solutions have tension in the extra dimensions. Simi- 
lar to the linear model, the extra dimensions are fiat 
(hw — 0, = 4, 5, . . . , D) for the asymptotic black 
strings and black branes. The case D = 3 corresponds to 
a usual point-like mass in the three-dimensional space. 
Obviously, here we have transition to General Relativity. 
It is natural to suppose that in our asymptotic region 
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Then, we obtain from {jTHJ) and (fig)) the relation be- 
tween the Newton's and multidimensional gravitational 
constants: 
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As we mentioned above, the expansion ^ works if 
\aR\ <C 1. From the Eqs. $T3j), CU) and flU) we get 
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which is really much less than 1. First, it follows due 
to the smallness of the exponent and, second, due to the 
weak- field condition \tp^/c 2 \ <C 1. 



A. r 3 > y/\a\ 

If this condition is satisfied on a small terrestrial scale, 
it is clear that it will run on a large astrophysical scale. 
In this case, we can drop the exponents in Eqs. (1141) and 



B. 



r 3 < 



Obviously, if this condition is satisfied on an astrophys- 
ical scale, then it will work also for a terrestrial scale 
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(e.g., for the table-top inverse square law experiments). 
In this case, we can replace the exponents in (|14l) and 
(fl~5| by unities. Therefore, the effect of nonlinearity is 
not negligible in this region, although the weak nonlin- 
earity condition \aR\ <C 1 should be satisfied. For the 
metric coefficients we obtain 

SnG-n m ( „ 1 — f2\ 

^oo = - 77; - [D-2 + Q + ) , (22) 



(D - l)c 2 irV d r 3 



D 



SdG-d m ( 1-0 



(D - l)cHV d r 3 



/3 = 1,2,3. 

Equating these expressions to each other, we obtain the 
following condition of agreement with gravitational tests: 



D - 2 



1 



(24) 



Similarly to the previous case, the asymptotic solutions 
obeying this condition satisfy the gravitational tests with 
the same accuracy as General Relativity. Therefore, we 
find the second class of asymptotic latent solitons. It 
can be easily seen that there is no transition to three- 
dimensional case. Thus, this class of latent solitons exists 
only in the multidimensional space (D > 3). Because 
£1 < 0, these latent solitons also have tension in the extra 
dimensions. It can be easily seen that for the value of fl 
from the Eq. ([24)) there are no asymptotic solutions with 
=0, fx = 4, 5, . . . , D, i.e. with flat extra dimensions. 
If we suppose for the considered region the natural con- 
dition (fl"9]l . then we easily get (with the help of the Eqs. 
(H2J) and the relation fl5U]) for the Newton's and 

multidimensional gravitational constants. Taking into 
account equations (fTB|) . (j2H|) and lj2"4"]). we also find that 
the weak nonlinearity condition 



1 Gatto 
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2 c z r 3 



(25) 



is satisfied due to the weak-field condition \ipn/c 2 \ <C 1. 

To conclude this section, we want to discuss briefly 
the case a > 0. For such a, the exponents in Eqs. (fTB"]) - 
(fT5j) should be replaced by cosines. Obviously, it makes 
sense to consider only the asymptotic region r 3 <C | a. | 1 / 2 
(because solutions with cosines are nonphysical in the 
opposite case) . Then, we exactly reproduce the previous 
case B. 



IV. CONCLUSION 

In nonlinear f(R) multidimensional models with 
toroidal compactification of the extra dimensions, we 
searched for solutions which satisfy the classical gravita- 
tional tests (deflection of light and time delay of radar 
echoes). For an arbitrary function f(R), it is hardly 



possible to solve equations of motion exactly. There- 
fore, we have investigated these equations in a weak- 
field limit when the metric tensor can be split into a flat 
background and a weak perturbation. In this approx- 
imation, nonlinearity is also weak and analytical func- 
tion f(R) can be expanded in a Taylor series: f(R) = 
R + aR 2 + o (R 2 ) , a = (1/2)/" (0). We have shown in 
our previous paper (To| that the most natural point-like 
massive source with the dust-like equations of state in 
all dimensions contradicts the experimental data. The 
similar situation takes place in multidimensional linear 
models [ll|, E3- ^ n sucn linear models, latent solitons, 
in particular, black strings and black branes, satisfy the 
gravitational experiments at the same level of accuracy 
as General Relativity. A distinctive feature of these solu- 
tions is that the matter source has tension in the internal 
space. Therefore, in the present paper we also supposed 
that a matter source is still dust-like in our three di- 
mensions but has nonzero equations of state in the extra 
dimensions. Then, we have found solutions of linearized 
Einstein equations with this matter source taking into 
account effects of nonlinearity of the model. These so- 
lutions demonstrate explicitly that there are two asymp- 
totic regions where our model is in agreement with the 
gravitational tests similar to General Relativity. In the 
first asymptotic region r 3 3> H 1 / 2 , the effect of nonlin- 
earity is negligible and we found the condition for solu- 
tions which exactly coincides with the condition for la- 
tent solitons in the linear model [IT]. This is a natural 
result and we called these solutions asymptotic latent 
solitons (asymptotic black strings and asymptotic black 
branes are particular cases of these solutions). In the 
second asymptotic region r 3 <C | a | 1 / 2 , the effect of non- 
linearity plays an important role. As a result, we got 
here a new condition for solutions to satisfy the gravita- 
tional tests. This is the second class of asymptotic latent 
solitons. We have shown that these solitons exist only 
in the multidimensional case while for the first class of 
asymptotic latent solitons there is the transition to the 
three-dimensional case. Therefore, we have shown that 
in nonlinear multidimensional models there are solutions 
which satisfy the gravitational tests. The main feature 
for both of these classes of solutions is that the matter 
sources have tension in the extra dimensions. 
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